We extend to continuous groups our recent results on strongly approximately transitive group actions. We are concerned with locally compact second countable groups and standard Borel G-spaces. A G-space X with a σ-finite quasiinvariant measure a is called strongly approximately transitive (SAT) if there exists a probability measure v <C a such for every Borel set A with a(A) φ 0 and every ε > 0 one can find g £ G with v(gA) > 1 -ε. Examples of SAT G-spaces include boundaries of spread out random walks on G. We prove that when G is compactly generated and has polynomial growth then every standard SAT G-space (/f, a) is necessarily purely atomic; when G is additionally connected, (X,a) is a singleton. The Choquet-Deny theorem for spread out random walks on G follows as a corollary. For a connected G we establish the equivalence of the following conditions: (a) G has polynomial growth; (b) every standard SAT G-space is a singleton; (c) every SAT homogeneous space of G is a singleton; (d) every homogeneous space of G admits a σ-finite invariant measure; (e) the Choquet-Deny theorem holds for every spread out probability measure on G; (f) the Choquet-Deny theorem holds for every absolutely continuous compactly supported probability measure on G.
Introduction.
The aim of this paper is to extend to continuous groups our recent results on strongly approximately transitive actions [9] , Let G be a group and X a Borel G-space with a σ-finite quasiinvariant measure a. We denote by L ι {X, a) the space of complex measures absolutely continuous with respect to a and by L\(X,a) C L ι {X,a) the subspace of probability measures. For g E G and μ E L ι {X,a) we write gμ for the measure (gμ)(A) -μ(g~xA). B(G) denotes the space of bounded complex functions on G equipped with the sup norm.
Consider the following properties that a probability measure p € L\(X, a) might possess: As shown in [9] every SAT action is ergodic. An ergodic action on a purely atomic measure space (X,ά) is trivially SAT. An ergodic G-space with a σ-finite invariant measure is SAT if and only if it is purely atomic. A contractive homogeneous space of a locally compact second countable group (e.g., the transitive action of the ax + b group on M) is a nonatomic SAT G-space. Boundaries of homogeneous random walks on G provide further examples of nonatomic SAT actions. The boundary of an adapted random walk on a countable G is either a singleton or a nonatomic SAT G-space. When G is nonamenable the boundary is never a singleton; it also fails to be a singleton for certain adapted random walks on certain amenable G.
For finitely generated groups we linked the existence of nonatomic SAT actions to a growth condition on G. We showed that finitely generated groups of polynomial growth do not admit nonatomic SAT actions. This implies the Choquet-Deny theorem for such groups. Furthermore, for a finitely generated solvable G we showed that G has polynomial growth if and only if every SAT action is purely atomic. The purpose of the present work is to generalize these results to continuous locally compact second countable (lcsc) groups and sufficiently smooth Borel actions (on standard Borel spaces).
Using structure theory for lcsc compactly generated groups of polynomial growth [15] we show that such groups do not admit nonatomic SAT actions. Furthermore, for a connected lcsc group of polynomial growth every SAT Gspace is necessarily a singleton. As in the case of discrete (countable) groups treated in [9] we stress the interplay between the theory of SAT actions and the theory of boundaries of homogeneous random walks. A random walk of law μ is called spread out if μ is spread out, i.e., for some n = 1,2,... the n-the convolution power μ n is nonsingular with respect to the Haar measure. The boundary of a spread out random walk is always a SAT G-space (this can fail in the non spread out case). The fact that lcsc compactly generated groups do not admit nonatomic SAT actions implies the Choquet-Deny theorem for spread out random walks on such groups (see [1, 7, 23] for previous results in this direction). On the other hand, using the work of Azencott [2] and Raugi [21] on boundaries of random walks we show that for a connected lcsc G the following conditions are equivalent: (a) G has polynomial growth; (b) every standard SAT G-space is a singleton; (c) every SAT homogeneous space of G is a singleton; (d) every homogeneous space of G admits a σ-finite invariant measure; (e) the Choquet-Deny theorem holds for every spread out probability measure on G; (f) the Choquet-Deny theorem holds for every absolutely continuous compactly supported probability measure on G. The proof of this equivalence shows that if G admits nonatomic SAT actions at all, it admits a SAT homogeneous space which is the boundary of a random walk defined by an absolutely continuous compactly supported probability measure.
Preliminaries.
2.1. Borel G-spaces. When X and y are Borel G-spaces with σ-finite quasiinvariant measures a and /?, we say that (X, a) and (3^, β) are isomorphic if there exists an equivariant isomorphism of the *-algebra L oo (X 1 a) onto L°°(y, β). By the weak* topology on L°°(X, a) we mean the σ(L°°, L 1 ) topology. We say that (y,β) is a factor of (X,a) if there exists an equivariant isomorphism of L°°(y,β) onto a unital weakly* closed *-subalgebra of L°°(X,a). We note that strong approximate transitivity is invariant with respect to isomorphisms and factors.
Our previous study of SAT [9] was primarily aimed at actions of discrete groups and our results did not rely on any particular assumptions about Borel structures involved. Our present study of SAT actions of lcsc groups relies on the following two routine technical assumptions about the G-spaces
As follows from Mackey's work [16] , a G-space (X,a) with the above two properties is always isomorphic to a G-space (y,β) where 3^ is a standard Borel space on which G acts so that the function G x y 3 (g,y) -> gy G y is Borel. Such G-spaces (with G lcsc) will be referred to as standard. To simplify the exposition our results will be formulated and proven for standard G-spaces. Remark 2.1. Suppose that G acts on L°°(X,a) by *-algebra automorphisms and we do not assume that this action is induced by an action on X. The dual action on L ι {X,a) is then defined by formula
and it is obvious that strong approximate transitivity is meaningful in this setting. Due to Mackey [16] , under the regularity conditions (i), (ii) there is no loss of generality in discussing standard G-spaces only. However, certain portion of our argument in the sequel is most conveniently carried out in the setting of actions on L°°-spaces. We shall occasionally work in this setting without additional comments.
The following lemma will be very important.
Lemma 2.2. Let G be a lcsc group acting on L°°(X,a) by
Proof. Let I denote the group of isometric isomorphisms of 
Random walks.
Consider the right random walk of law μ on a lcsc group G. Let G°° = Π^Lo G be the space of paths with the Borel structure given by the product σ-algebra and let p denote the Markov measure of the random walk started from identity e of G. Equip G°° with the G-action g{ω n }%L Q -{gω n }^L 0 . Since G is lcsc, G°° becomes a standard G-space. Furthermore, if α 0 is a probability measure on G equivalent to the Haar measure then the measure a = a 0 * p (the Markov measure with starting measure α 0 ) is a quasiinvariant measure on G°°. Denote by X the G-space G°° with the Borel structure given by the invariant (stationary) σ-algebra of the random walk. The triple (X, α, p) will be called the boundary or μ-boundary of the random walk (of law μ). The μ-boundary is a G-space but fails to be standard unless G = {e} (the invariant σ-algebra does not separate points). However, our regularity conditions (i) and (ii) introduced in Section 2.1 are satisfied and the μ-boundary can be always realized as a standard G-space. 
The law μ is called spread out if for some n = 1,2,... the n-the convolution power μ n is nonsingular with respect to the Haar measure. It can be shown that for spread out μ every μ-harmonic function is continuous [2, Proposition 1.6; p. 23]. This immediately implies that the measure p is absolutely continuous with respect to a -a 0 * p (on the invariant σ-algebra). Therefore Eq. (2.1) define an equivariant isometric isomorphism of L°°(X, a) onto the space of μ-harmonic functions. In consequence, (#, a) is a SAT G-space and p is a SAT measure.
The random walk is called adapted if μ{H) < 1 for every proper closed subgroup of G. The boundary measure p is referred to as trivial if p{A) G {0,1} for every Borel subset of X. We note that a SAT measure on a (general) G-space is trivial if and only if the G-space is purely atomic.
Lemma 2.3. Let μ be a spread out probability measure on a Icsc group G and (X,a,p) the associated μ-boundary. Then (a) the action of G on (X, a) is SAT and p is a SAT measure, (b) p is trivial if and only if every μ-harmonic function is constant on the left cosets of the smallest closed subgroup H C G such that μ(H) = 1, (c) when μ is adapted, p is trivial if and only if every μ-harmonic function is constant.
Remark 2.4. When μ is arbitrary, Formula (2.1) induces an equivariant weak* continuous isometry of L°°(X, a) into L°°(G^λ) (λ = the Haar measure). L°°(X, a) is then isomorphic to the space of equivalence classes (mod λ) of μ-harmonic functions. In the trivial case that μ = δ e the μ-boundary is isomorphic to G. Thus for continuous G the J e -boundary is not SAT. Motivated by this situation one can define a weak version of SAT by requiring that there exists an equivariant weak* continuous isometry of L°°(X) into L°°(G). For countable G this property is equivalent to SAT but not so for continuous G (every homogeneous space admits an equivariant weak* continuous isometry into L°°(G)). It is known that for abelian lcsc G every equivariant weak* continuous isometry of L°°(X) into L°°(G) (with X standard) is necessarily multiplicative and such an isometry exists if and only if G is essentially transitive on X [10]. This result implies the Choquet-Deny theorem for arbitrary μ.
Strong approximate transitivity and polynomial growth.
Unless explicitly stated, all G-spaces in the sequel are assumed standard and all groups lcsc.
Compact and cocompact subgroups. Proposition Let N be a compact normal subgroup of G. If every SAT (G/N)-space is purely atomic then every SAT G-space purely atomic.
Proof. Let X/N be the orbit space and p : X -> X/N the quotient map. .) The G-space (X/N, pa) is a factor of the Gspace (X, a). Therefore it is SAT and, consequently, due to our assumption, pa is carried on a countable set C C X/N. Since SAT actions are ergodic, there exists a countable set Γ C G and x G X such that C = Tp(x). Hence, a is carried on TNx which is a countable union of disjoint orbits of N. As N is compact its Haar measure λ v is finite. We can assume that a is also finite. Then \jγ *α is a finite iV-invariant measure equivalent to a. As λ^ *α is carried on a countable set of translates of a single orbit of N it is clear that there exists a σ-finite G-invariant measure equivalent to a. Since SAT actions preserving a σ-finite invariant measure are necessarily purely atomic [9, Proposition 2.6], the proof is complete. D Step II: Using Step I we can inductively produce a decreasing sequence of G-invariant Borel sets Ω n and a decreasing sequence M n of nonempty compact subset of K such that M n has diameter at most 1/n, that ι/(Ω n ) = 1 for all v G M n , and that for every Borel A C Ω n with a(A) φ 0 and every ε > 0 there exists g G G and v G M n such that (gv)(A) > 1 -ε. The finite intersection property of the sequence M n implies that Π^=i M n contains precisely one element z/ 0 . Let X o = Π^Li Ω n . Clearly, AΌ is G-invariant and ^o(^o) = l Our proof will be complete if we show that v 0 is a SAT measure on X Q . Let A C X o be a Borel set with c*(A) ^ 0. Since A QΩ n for every n, there exist g n £ G and ^n G M n such that (g n^n )(^4) > 1 -^ But ll^o -v n \\ < 1/n. Therefore {g n vo){A) > 1 -£. So i/ 0 is a SAT measure on the G-space (λΌ,α 0 ). D Proof. Let p be a SAT measure on X. Set a(g) = \\gp -p\\ and b(h) = snp geG a(ghg~ι), h G G. Let U be a compact neighbourhood of e in G and V a connected neighbourhood of e in H such that gVg~ι C U for all g G G.
We claim that the function b(h) is continuous on 7. To see this suppose the contrary: b is discontinuous at some /16F. Then there exists ε > 0 and a net hβ in V converging to h and such that \b(hβ) -b(h)\ > ε for all β. Using the definition of 6, for every β we can then find g β G G such that
Since U is compact and gVg~ι C U for all g G G, we can assume that the nets gβhβg^1 and gβhg^1 converge in U : g p -> y> Since a is a continuous function we obtain that x ψ y. However, consider the net gβhβh~ιg^1. Clearly, 9βhβh~ιg^1 -> xy~ι. Let 
,2} for every g £ G. As 6 is continuous on V, 6(e) = 0, and V is connected, we conclude that b(h) = 0 for all Λ E V\ Thus, hp = p for all /ιG V. But the set {h EH; hp = p} is a subgroup of If containing V. As iϊ is connected, it is generated by V. Therefore hp = p for h E H. Since the function G 3 g -> #p is continuous we obtain gp = p for g £ H. Using the fact that if is normal and co(Gp) is dense in L\(X), we conclude that gμ = μ for g E JET and μ E ^i(Ai). This, of course, implies that gf = / for 5 E ff and / E L°°(Af). D Let f) a (real) Lie algebra and G a group acting on f) by automorphisms. Following [15] we say that 1} is of type RQ if for every g EG the eigenvalues of the corresponding automorphism are of absolute value 1. When G is locally compact and H a closed normal Lie subgroup with Lie algebra f), this definition refers to the canonical adjoint action of G on fj. When G is a connected Lie group with Lie algebra g, then g is of type RQ if and only if for every X E g the eigenvalues of adJΓ are imaginary [13, Proposition 1.3']. In this case the term type R is commonly used instead of type RQ> 
Lemma 3.5. Let G be a Lie group and H a closed normal Lie subgroup with dimϋΓ < dimG. If the Lie algebra of G is of type RQ then the Lie algebra of G/H is of type R G /H

. ,n because f) is invariant under Ad(G). Thus every eigenvalue of Ad(π(g)) is an eigenvalue of Ad(g). D Lemma 3.6. Let G be a solvable Lie group and G o the identity component. Assume that G/Go is nilpotent and the Lie algebra of G is of type.Ro-Then every SAT G-space is purely atomic.
Proof. We proceed by induction in the dimension of the Lie algebra g of G. When dimg = 1, then obviously Ad(G) C {±1}. Let U be a neighbourhood of e and W = -W Cja neighbourhood of 0 such that V = exp(VF) C U.
Clearly, gVg'
= exp(Ad(g)W) = exp(W) C U. By Lemma 3.4 H = G o = exp(g) acts trivially on L°°(X). Therefore we can define a SAT action of G/H on L°°(X) by (gH)f = gf. Since G/H is countable nilpotent, (X,a)
is purely atomic [9, Theorem 3.9] .
Suppose now that the lemma is already proven for dimensions lower than n + 1 and let dimg = n + 1. Let g c denote a complexification of g. Then Ad(G) can be considered as a solvable subgroup of GL(gc). According to Kolchin-Malcev theorem [14, Theorem 21.1.5; p. 152] there exists a subgroup S C Ad(G) of finite index and a basis 6 1? ... ,6 n +i in g c such that every element s G S is represented by an upper triangular matrix with respect to this basis. The inverse image G\ = Ad" 1 (S) C G is a subgroup of finite index. Note that we can assume that Gι is closed. Hence, G x is an open Lie subgroup and g is its Lie algebra. Note also that G o = G 10 . Consequently Gi/Gio is nilpotent.
Let p be a SAT measure onί. By Proposition 3.3 there exists aG r invariant Borel set Xγ C X and gι G G such that g x p is a SAT measure for the action of G\ on X x . It suffices to show that g x p is a point measure.
Clearly, the elements of Ad(Gi) have a common eigenvector v € gc The complex conjugate ϋ is also a common eigenvector of Ad(Gi). It follows that the (real) subspace f) of g spanned by W\ = Rev and w 2 = Imv is a subspace invariant under Ad(Gχ), of dimension 1 or 2. Since Ad(#) has eigenvalues of absolute value 1, it can be seen that the restriction of Ad(G f i ) to f) is contained in a compact subgroup K of GL(f)). Since I) is invariant under Ad(Gχ) it is a subalgebra of g and the connected Lie subgroup H defined by f) is normal in G\. Let U be a neighbourhood of e in Gi and W a neighbourhood of 0 in f) such that exp(W^) C U. Since if is compact we can find a neighbourhood OeW CW such that KW C W. Put F = exp(W") Then for every g G G λ we obtain ffl^" 1 C exp(Ad(g)W) C exp(jFCV^') C exp(W) C U. Thus the assumptions of Lemma 3.4 are satisfied and we conclude that H acts trivially on L OO (X 1 
. Let μ be a spread out probability measure on a lcsc compactly generated group of polynomial growth. Then every μ-harmonic function is constant on the cosets of the smallest closed subgroup H Q G such that μ(H) = 1. If μ is adapted then every μ-harmonic function is constant.
Remark 3.9. Theorem 3.7 remains true whenever G is a lcsc (not necessarily compactly generated) group containing a closed nilpotent subgroup H such that G/H is compact. By Proposition 3.3 to prove this result it suffices to consider the case that G is nilpotent. In [9] we gave a proof valid for countable G [9, Theorem 3.9] . This proof after suitable technical modifications works also in the lcsc case. Gromov's theorem [6] states that every finitely generated group of polynomial growth contains a nilpotent subgroup of finite index. Therefore in the countable case Theorem 3.7 is a direct consequence of Proposition 3.3 and the fact that nilpotent groups do not admit nonatomic SAT actions. In the continuous case an analog of Gromov's theorem stating that G contains a nilpotent subgroup H with G/H compact is false and we had to rely on a more complicated structure theory [15] .
Connected groups of polynomial growth.
It can be easily shown that a probability measure μ on G is spread out if and only if there exists n such that μ n dominates a positive multiple of the Haar measure on a nonempty open subset of G [2, p. 21] . Hence, suppμ n has nonempty interior and the smallest closed subgroup H C G with μ{H) = 1 is necessarily open. Consequently, when G is connected, a spread out μ is automatically adapted and Corollary 3.8 says that the μ-boundary of every spread out random walk on a connected lcsc group of polynomial growth is a singleton. This result, however, is also contained in the following stronger consequence of Theorem 3.7 and Lemma 2.2. If G is a connected lcsc group of polynomial growth then  every SAT G-space (X, a) is a singleton.
Corollary 3.10.
Proof. We already know that a is purely atomic. Hence, if p is a SAT measure it is carried on a single atom of a. Consequently, \\gp -p\\ = {0,2} for every g G G. But by Lemma 2.2 the function g ->• \\gp -p\\ is continuous. Therefore gp = p for all g G G. Since p is SAT we have that gf -f for / G L°° (X, a) and g G G. By ergodicity (X, α) must be a singleton. D
The purpose of the remaining part of our paper is to prove the converse to Corollary 3.10 and establish a few other conditions equivalent to polynomial growth. The following auxiliary results preceding Theorem 3.16 and their proofs are essentially contained in the work of Azencott [2, pp. 106-111] .
Let fl be a (real) Lie algebra and let rad(g) denote the radical. We shall say that g is of type RQ if for every X G rad(g) the eigenvalues of adX are imaginary. Prom Lemma 3.13 we know that g is not type i?o, so there exists X o G rad(g) such that adX 0 has an eigenvalue λ with Reλ ψ 0. Note that if V G βc and (adX 0 )^ -λF, then 7 6%. Therefore λ is an eigenvalue of p(Xo) and we can assume that V €n x . Then λ = aι(ρ(X 0 )). Note also that X o & n.
Let n 0 be the subspace of Hi spanned by \J AeS (A -α^A))^. As 5i = {A \ n x ; A G 5} is a (complex) solvable Lie subalgebra of End(fii), by Lie's theorem there exists a basis e λ ,... , e t in Hi such that the matrix of each A G S\ is upper triangular with respect to this basis. Since (A -aι(A)) n \ τϊi = 0 for every 4 6 5, we conclude that e t £ n 0 . So n 0 φ fix and, consequently, m = noθn 2 Θ -©n^ φ Πc Note that m is invariant under p(g). Furthermore, ρ{X 0 )X -λlEm for every X G n c .
Next define ΐ = CX 0 + n<c. Due to the definition of n, I is invariant under adX,X G g. We shall write ρ'(X),X G 0 for adX acting on ΐ. We now have subspaces m C fie C I, in T^fic φ ί, invariant under p'(fl). We set C = l/m, X -fi/m and write p"(X) for ρ'(X) acting on C. Furthermore, we write p : I -> C for the quotient map. It is straightforward to check that p"{X 0 )x = λx for all x G X, and p n (X)(x +p(X 0 )) = -λp(-X) for X G n and a; G X. Moreover, p"(g)C C A^, and p"(X) 2 = 0 for X G n (since n is abelian).
We now introduce a linear representation ψ of G on £ as follows. We start with the adjoint representation of G on g. This defines canonically the quotient representation on g = fl/[n, n] and also a representation φ on 0c It is clear that φ{e x ) = e ad ( πX ) 5 defines a G-action on Λ\ If A' is considered as a real vector space, this G-action satisfies our requirement (2) (because the adjoint representation is analytic, and taking subrepresentation and quotients preserves analycity). Let us now see that (3) is also satisfied. Indeed, let K C X be compact and U C X be a neighbourhood of 0. Let || || be any norm on V. Then K is contained in a ball B(0, R) = {x G V; ||x|| < ϋ} while U contains a ball 5(0, r). Recall that p"(X 0 )x -λx for all x G Ύ, where Reλ =^ 0. Moreover, p"(X 0 )p(X 0 ) = 0. We can, of course, assume that Reλ < 0. As X o = τr(X 0 ) for some X o € 0, we have e Xo x = e p "^x°^x = e Λ x. It is then clear that we can satisfy (3). Finally, when X G n, then e x x = e p//(π(x)) x = £-λp(τr(X)). Since p(π(n)) ^ {0}, (4) Proof. With the notation of Lemma 3.14, let || || be any norm on X. Set U = {x G AT; ||z|| < 1}, K = {x G AT; ||z|| < 1}, and S = {g G G; gK C C/}. By Lemma 3.14, S is a nonempty open semigroup in G. Let μ be any compactly supported absolutely continuous probability measure with μ(S) -1. Let δ 0 be the point measure concentrated in 0 G X, and set p n -\ ΣΓ=i A Proof. The implication (a)=φ(b) is contained in Corollary 3.10, (b)=>(e) follows from Lemma 2.3, and (e)=^(f) is trivial. To prove that (f) implies (a) suppose that (f) is true but (a) is false. If G is not amenable then every spread out probability measure on G has nontrivial μ-boundary [5, p. 213] , [23, Proposition 1.9] and we obtain a contradiction. Assume that G is amenable. Let K C G be a compact normal subgroup such that G = G/K is a Lie group. Since G is not of polynomial growth, G is also not of polynomial growth [7, Theoreme 1.4] . But G is amenable so G/rad(G) is compact [19, Theorem 3.8] . Therefore rad(G) is not of polynomial growth [7, Theoreme 1.4] . Hence, the Lie algebra of rad(G) is not type R [13, Theorem 1.4] and, consequently, the Lie algebra of G is not type RQ. Thus by Corollary 3.15 there exists a compactly supported absolutely continuous probability measure on G with nontrivial //-boundary. As K is compact we can find a compactly supported absolutely continuous probability measure μ on G such that μ = πμ, where π : G -> G is the canonical homomorphism. It is easy to see that the μ-boundary cannot be trivial. We again arrive at a contradiction. We have thus established the equivalence To prove that (a) implies (d) we note that every closed subgroup of a group of polynomial growth has polynomial growth and polynomial growth implies unimodularity [7 
